
H E A T  T R A N S F E R  W I T H  T W O - D I M E N S I O N A L  

F I L T R A T I O N  I N T O  S H A T T E R E D  R O C K S  

l~. I .  M e r z l y a k o v ,  I .  A .  R y z h e n k o  
a n d  A .  S .  T s y r u l ' n i k o v  

LIQUID 

UDC 536.242 

A n analyt ic  solution is obtained fo r  p r o b l e m s  concerning heat t r a n s f e r  by the f i l t r a t ion  of a 
h e a t - t r a n s f e r  agent  into sha t te red  rocks ,  and a c o m p a r i s o n  is c a r r i ed  out be tween the ca l -  
culat ion resu l t s  fo r  different  models  of the h e a t - t r a n s f e r  p r o c e s s .  

One of the pr inc ipa l  p rob l em s  when invest igat ing t h e r m a l  p r o c e s s e s  in underground t h e r m a l  bo i l e r s  (UTB) 
is the es tab l i shment  of the m e c h a n i s m s  of the in te rphase  heat t r a n s f e r  during the liquid f i l t ra t ion  into the 
sha t te red  rocks .  

An es t ima te  of the e r r o r  in calculat ing the coolant  t e m p e r a t u r e ,  due to nonuniformity of the f i l t ra t ion 
flow and by the a s sumpt ion  that the in te rphase  h e a t - t r a n s f e r  coeff icient  is equal to its q u a s i - s t e a d y - s t a t e  value, 
can  be de te rmined  by compar ing  the solut ions of p r o b l e m s  in which the non - s t eady - s t a t e  heat  t r a n s f e r  in an 
underground t he rm a l  bo i l e r  is descr ibed  by taking account  of the t e m p e r a t u r e  gradient  in blocks of rock  and 
with the a s sumpt ion  of l inear i ty  of the in te rphase  h e a t - t r a n s f e r  [1]. 

1. We shall  r e p r e s e n t  the s t ruc tu ra l  model  of the underground the rma l  bo i le r  in the f o r m  of a purely  
f r ac tu red  medium,  consis t ing of i m p e r m e a b l e  blocks of rock  with a r egu la r  geomet r i c  shape and identical  di-  
mens ions  with a r egu la r  packing.  In the space  between the rocks ,  de te rmined  by the magni tude of the f r a c tu r e  
poros i ty ,  a liquid is moving in the d i rec t ions ,  and with veloci t ies ,  governed by the d is t r ibut ion of the p r e s s u r e  
grad ien t  and of the f r a c t u r e  pe rmeab i l i t y  of the med ium.  

We shall  a s s u m e  that  one-dimensional  conductive heat t r a n s f e r  t akes  p lace  in the blocks,  in a d i rec t ion  
no rma l  to the i r  su r f aces ,  and that the t h e r m a l  r e s i s t a n c e  a t  the rock  and liquid in te r face  is smal l  by c o m p a r i -  
son with the t h e r m a l  r e s i s t a n c e  of the blocks of rock.  

If we take into account  that  for  the conditions of the underground the rma l  boi ler ,  the effect  of noniso-  
t he rma l  f i l t ra t ion  of the coolant  on its m a s s  veloci ty can  be neglected,  the ma themat i ca l  formula t ion  of the 
p r o b l e m  will have the f o r m  

where  

Er zp Oz zP = Crp r - ~ ,  0 < z < ~ -  , 

Su OT OT a 
- - Q  W g r a d T - - ~  -~z = c z p z m - ~  ' z = - - ; 2  (2) 

div W = 0; (3) 

Tit i . . . .  /2 = Tb; (4) 

T[~= o =: To; (5) 

OToz z=0 = 0; (6) 

G~ = H S (w.l)dr~, Cz) 
Fk 

W : ~ 1  i-[-.W~j; g r a d T =  OT i 4- OT 

Tl = Tr [z=a/2; k =  1, 2, . . . ,  n. 
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Suppose that W x and Wy a re  the solution of Eq. (3)with the condition (7), and G k is independent of T when 
l_<k_<n. 

We shall assume,  that ~he blocks have the shape of p lane-para l le l  unres t r i c ted  pla tes .  Then, by in t ro-  
ducing the var iables  0= ( T 0 - T ) / ( T 0 - T b ) ,  v =2z /a  and Fo=4~.rl"/PrCra2, and taking account of the smal lness  of 
the r ight-hand side of Eq. (2), we shall have 

020 00 
- -  - -  , O < v < l ,  
Ov z aFo 

- - W g r a d 0 - - B  O0 kB O0 
Ov 0Fo 

O[ri,v=l = 1; 

0/Vo=O = 0; 

 Lo--o, 
where  

B=4)~r/a(a + b)cl; k=clp~b/PrC a; 

P : =  Pl for T l = const. 

We apply to the prob lem (8)-(12), the Laplace integral  t r ans fo rm:  

0 ~  =sO, O < v < l ;  Ov 2 

- - W g r a d [ ~ - - B  o~ - kBs[J, v = l; 
Ov 

i O r = I  : - -  ; 
S 

v = l ;  

06" [ = 0. 
0v /~-0 

Solving Eq.  (13), taking account of condition (16), we obtain 

with v = 1 
[~ = A(x,  y)chv Vs ;  

W grad A = - -  LA; 

1 
AJri = sch U s  ' 

where  L = B b f s t a n h  4"s +ks), 

Converting to ordinary  differential  equation, we obtain 

dx dg 1 dA 

iV= W~ .. L A 

and the f i r s t  integral  of sys tem ( 2 0 ) r e p r e s e n t s  the family  of flow lines 

C = F (x, Vx), 

where y = y / x .  

Taking into account Eq. (20) and (21), we obtain 

dv f(C, V) 
dA AL 

where 
1 

f(C, 1,)= F-z( c, u (Wy--yW=). 

The solution of Eq. (22), taking account of Eq. (19), has the fo rm 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

( 1 9 )  

(2o) 

(21) 

(22) 

(23) 
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Then  

w h e r e  

A 1. 
f(c, ~*)j 

~r i 

ch v V s  

s ch V s  
exp [ - -  pr ( ] / s th  V ~ +  ks)l, 

Pc = B f d?* 
J t (c, .:) 

C a r r y i n g  out the  i n v e r s e  t r a n s f o r m a t i o n  [2], with v = 1, we shal l  have 

w h e r e  

i - T*'  ch,, + ,j) 1 ~  I ' 

sh *i + sin ~p~ } ] d~b ) . . . .  

~Pi = ~r *; ' 2  = ~l--C-r ; U Olr ) = {0, k p r ~ F o  . 
~p 1, kpr < Fo ' 

Br ~-- F o - -  kpr.  

(24) 

(25) 

(26) 

(27) 

The t e m p e r a t u r e  of the coo lan t  at  the  end face  of  the  p roduc t i on  well  (at the out le t  f r o m  the unde rg round  t h e r m a l  
bo i le r )  is 

H f o z (w.l) dr~ (2S) 
p 

2. In the e a s e  of l i nea r i ty  of the i n t e rphase  heat  t r a n s f e r  be tween  the r o c k  and the liquid, the m a t h e m a t i -  
ca l  f o r m u l a t i o n  of the p r o b l e m  will  have the f o r m  

(zo(rl  - -  Tr) = Crpr (1 " m )  OTr-  ; (29) 
OT 

- - W c i g r a d T  l + c% (T r - T  l ) = c  l p~ m OT____j_ . (30) 
c) v ' 

div W ~ 0; (31) 

T l fr i. ~ Tb; (32) 

Tl f,=0 = Tr I,=0 = To; (33) 

~ = ~ S (w . t )  dr;. (34) 
F k  

We in t roduce  the va r i ab l e s  O r,  0 l and ~ =av~/CrPr(1  - m) and apply the Lap lace  in teg ra l  t r a n s f o r m  to the 
p robl  em:  

(I + s)~ r - - ~  ~ = o; (35) 

- - W g r a d ~  l + Bt0 r - - B l ( 1  + ks) 0l = 0; (36) 

1 (37) ~}/Iri- s ' 

whe re  

B i  ~ o~u/c I . 

The so lu t ion  of Eq. (35)-(37), has the f o r m  
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where  

V 

[ i ~t = 1 exp - -  L, dr*__ l. 
s f(c, v*)J' 

S s (l + s) f (C, u 
v r  i 

(38) 

(39) 

Lt = B : ( 1  + k + ks)~(1 + s). 

Carrying  out the inverse  t r ans format ion  [ 1], we obtain 

0 t = exp (-- p) [exp (-- 111 I0 (2 V ~ )  + 
.q 

+ S exp (-- ~1") Io (2 V -p ~  d~l * ] U (~l); 
D 

�9 ,q 

O r = exp (-- o) .I exp (-- n*) Io (2 WP--~-) d~i* U (~1), 
0 

(40) 

(41) 

where  

{ 0 ,  k o c h ,  
n = r  u ( n ) =  I, k p < ~ ,  

V 

P = Bl 3' du . 
f (C, V*) 

yr. 
1 

When c~p --~ 0o ( thermal ly  un i formmedium)t  the posi t ion of the convective t empera tu re  front  is 

Oz ={0 ,  ~ x * ,  
1, ~ > ~ ,  

where 

(42) 

(43) 

�9 (44) du , ,  = c__m_Or~. 

c z J f(c,v*)' 

CmPm= CrPr (1 - -  m) + c tP~ m. 

We note that 0 c = 0 when r < r0, and the t ime of convergence of the convective t empera tu re  front at the contour 
r p  is 

~RZHCm Pm/~m 
T O ~ 

Gpc z 

and k M is determined by the resul ts  of [3]. 

Taking into account the assumptions made,  the relat ions obtained p e rm i t  the t empera tu re  of the coolant 
to be determined at  any point of the region and at  the outlet f rom the underground the rma l  boi ler  for  different  
models of the he a t - t r an s f e r  p rocess ,  if function (23) is known, depending on the f i l t r a t ion- ra te  distr ibution of 
the coolant. 

3. We shall cons ider  a few special  cases :  

a) With rec t i l inea r  f i l t ra t ion of the liquid (W x =const),  the flow line equation is y =C. 

Then 
~ v X  

f (c ,v ) -  r w=; o - - ;  
C cZW x 

" du _ x 

f(C, ~ )  Ve= 
4~r X 

; Pr = 
a ( a + b ) c l 117= 
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which co inc ides  wi th  [2]. 

b) With p l a n e - r a d i a l  f i l t r a t i o n  of the l iquid (Wpr = G / 2 r r ;  r 2 =x  2 +y2) 

nHa~ (r 2 -- r~) 4g i l l  r (r z r~) 
p - -  c l  G ; Pr---- a ( a + b ) c l  G 

c) In the  e a s e  of f i l t r a t i o n  of the  coo lan t  f r o m  two in jec t ion  b o r e h o l e s ,  f o r  which the c o o r d i n a t e s  of the  
a x e s  a r e  x =  :~R; y =0,  to the p r o d u c t i o n  wel l  ( x = y = 0 ) ,  the bounda ry  condi t ions  have  the  f o r m  

G a (45) 
Wprlr=rP 2nHr c ; Wprlr=ri-- 4aHQ ' 

and r p ~ - r i = r  e .  

If the m a s s  f i l t r a t i o n - r a t e  po ten t ia l  s a t i s f i e s  the L a p l a c e  equat ion,  the  so lu t ion  of Eq. (3) wi th  condi t ions  
(45) c a n  be  r e p r e s e n t e d  in the f o r m  

W= G [ x(x2 + y2 R2) x ] 
2nil  (x 2 + y2 + Rz)2 (2Rx)2 x z + yZ ; 

A s  

then  

w h e r e  

Using Eq.  (26), 

W g =  G [ Y (x2 + Y2 -]- R2) Y ] .  
2~H (x z + # + R2) 2 - -  (2Rx) z x 2 + b ~ 

C ~ Xy 
(x 2 + V,.)2 + R2 (y2 __ x2) 

f (c, ~)= 

(42)  a n d  (44 ) ,  w e  o b t a i n  

6 c ~  (1 + ~)2 
uH V (1 + 4R*C ~) 

uriah} . (46) 
p - -  , 

Gc~ 

4r~H~.6 
Pr = ; (47) 

Gc la(a + b) 

z* -- uHcm pm~] 
, ( 4 8 )  

Gc 1 

13= ?2( 1 + 4 R 4 C  2) . .  
2C2R 2 (1 + ~)  (49) 

As  
(R 2 - -  r~)z 

kin= lim -5~ = v-o /~' 2R ~ ' 

t hen  fo r  r e << R 

:~RZHcm,Pm 
% = 2aq (50) 

d) In the  c a s e  of f i l t r a t i o n  of the coolan t  f r o m  an  in jec t ion  b o r e h o l e  (x = R; y = 0) and the p roduc t ion  wel l  
( x = y = 0 )  

G 
Wpr It=% == 2~HG (51) 

The  so lu t ion  of Eq.  (3) wi th  the condi t ion  (51) is  

w~=2-~  (R--xI~+v~ x~+v~ ; 

W ~ = ~  ( R - - x )  2 + y z  x 2 + y 2  " 
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Fig. 1. Change of 0 l versus go on rpw. The dashed lines 
are P0=94.96 with ~; 1) 68.0, 2) 91.22, 3) 114.83, 4) 136.64, 
5) 182.45, 6) 250.87. Solid lines a re  P0=46.52 for  ~; 1 )  
33.52, 2) 44.70, 3) 55.87, 4) 67.05, 5) 89.40, 6) 122.92. 
D a s h - d o t  lines a r e  P0=20.67 with ~: 1) 14.90, 2) 19.87, 
3) 24.83, 4) 29.80, 5) 39.73, 6) 54.63 [calculation by Eq. 
(40)]. Points a re  a calculat ion by Eq. (27); go, deg. 
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I 

Fig. 2. Change ~ 0 c versus  ~ at  the face of the product ion well by Eq. (53) and (40), for  P0: 

I) 11.62, 2) 20.67, 3) 46.52, 4) 94.96, 5) 186.07. 

Fig. 3. Change of 0 c at the face of the production well versus cr=GClV/TrR2Horapm: I) Calou- 
lation by Eq. (54) and (52); 2) by Eq. (53) and (40); points are a calculation by Eq. (53) and 
(27). 

As 

f (c, v ) =  
GC3R (1 q- "iiz) 2 

2~H37 (? -F CR) ( 1 q- C2R ~) 

where  
C =  Y 

u 2 + x (x - -  R) 

then p, PF, and r *  a re  determined by re la t ions  (46)-(48), where  

I + C 2 R ~ [  1 ( 
- -  1 + arctg ? 

The t e m p e r a t u r e  at the end face of the product ion well Eq. (28) is 

1-1-~ 

0 . =  R ; R--recos(p 
rt R z -[- r~ - -  2Rr e cos (p 

0 

o z %, ~) d~, 

where  go =a re t a n  3'. With a v ~ 

and go and ~- when go > 0 a re  connected by relat ions (48) and (52). If ro<< R, thenEq.  (54) assumes  t h e f o r m  

(52) 

(53) 

(54) 
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As 

then for  re<< R 

OC ~ q) . 

kro-- 
(R - -  r~) z 2 (R - -  rr 

R z 3R 3 

~R~Hcm Pro 
% = 36cz (55) 

It can  be seen f r o m  Figs .  1-3, that if 0 l = 0~ ~1 at  Fp for  (p =0, then the values of 0 c, de te rmined  with a 
finite value of a v and for ~1) ~ ~176 c~ Using the s impl i f ied  solution [4], we obtain the condition 

- V ~  + V ~  > 6, (5 6) 

where  
erf 8 - -  20~ l; Po P[,~o nRZHa~km - -  = - -  ; r i o  = ~ . - - / ~ o -  

6c. t 

There fo re ,  if 

or  when k<< 1 

r F Gc z +8 , 

*=0.999, then the values of 0 c can be de te rmined ,  by using the fo rmulas  for  a the rmal ly  where  6 ~2.2 when 0 l 
uni form medium.  

Compar i son  of the resu l t s  of the calculat ion of 0 l and 0 c (Figs. 1-3) for  the models  cons idered  of the 
h e a t - t r a n s f e r  p r o c e s s  between rock  and liquid (~r = 2.13 W / m  "deg and a = 10 m) p e r m i t  the conclusion that  the 
t he rma l  cycle  in the underground t he rm a l  bo i l e r  is c lose  to q u a s i - s t e a d y - s t a t e ,  and that a model  cons t ruc ted  
by taking account  of the l inear i ty  of the in te rphase  heat  t r a n s f e r  can be used for  its t he rma l  calculat ion.  

NOTATION 

i, j, unit vec to r s  of the r ec t angu la r - coord ina t e  sys tem;  F, well  contour;  [, external  normal  to F; n, num- 
b e r  of wells;  W, m a s s  f i l t ra t ion ra te  of coolant; ~ ,  in te rphase  h e a t - t r a n s f e r  coefficient;  ~, t h e r m a l - c o n d u c -  
t ivity coefficient;  c, specif ic  heat; p, density;  Sy,  speci f ic  su r face  a r e a o r  rockb locks ;  m,  f r ac tu re  poros i ty ;  
a ,  l i nea r  s ize  of block; H, height of underground the rma l  boi ler ;  ~-, t ime; T, t empe ra tu r e ;  R, dis tance between 
inject ion well  and product ion well; b, c r a c k  spacing; k m,  min imum value of reduct ion factor ;  r ,  radius  of well; 
I0(x), modified Besse l  function of f i r s t  kind, z e ro  o rder ;  s, complex  a rgumen t  of Laplace  integral  t r ans fo rm;  
p =0, 1, 2 ( respect ively ,  for  blocks in the shape of p la tes ,  cy l inders ,  and spheres ) .  Indices:  r ,  l, i, and p, r e f e r  
to rocks ,  liquid, injection, and product ion wells ,  r e spec t ive ly .  
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